On path-sequential labellings of cycles  by Fertig, Ron A.
Discrete Mathematics 215 (2000) 21{32
www.elsevier.com/locate/disc
On path-sequential labellings of cycles
Ron A. Fertig 
Department of Mathematics, Princeton University, Princeton, NJ 08544, USA
Received 27 July 1998; revised 7 April 1999; accepted 12 April 1999
Abstract
A k-sequential labelling of the cycle Cn is a labelling of its vertices with the integers
f0; 1; : : : ; n − 1g such that the n sums of k adjacent labels themselves form a set of consec-
utive integers. By demonstrating that a k-sequential labelling of Cmn can be obtained from a
k-sequential labelling of Cn, we make signicant progress toward proof of a conjecture of Van-
derkam which states that such a labelling is possible if and only if n and k are not both even.
c© 2000 Elsevier Science B.V. All rights reserved.
1. Introduction
An important subject of research in recent years has been the construction of graphs
whose vertices may be labelled so that the edges have various numerical properties
based on these labels. A sequential labelling [2] is a labelling of the vertices of a
graph such that if the edges are assigned the sum of the labels of their endpoints,
the values of the edges are consecutive distinct integers. Another construction, the
de Bruijn cycle [1], is a cycle whose vertices are labelled so that paths of some xed
length have numerical properties based on the labels of the vertices they contain. In [3],
Vanderkam combined these ideas and introduced the notion of a k-sequential labelling.
Denition 1. A k-sequential labelling of the cycle Cn is a labelling of its vertices with
the integers f0; 1; : : : ; n − 1g such that the n sums of k adjacent labels form a set of
consecutive integers.
For example, when n=7 and k=3, we obtain such a labelling by writing the numbers
0; : : : ; 7 around a cycle in the order 0; 2; 4; 3; 1; 6; 5. The seven sums obtained by adding
three adjacent labels are 0 + 2 + 4 = 6, 2 + 4 + 3 = 9, 4 + 3 + 1 = 8, 3 + 1 + 6 = 10,
1+6+5=12, 6+5+0=11, and 5+0+2=7, which are the seven consecutive integers
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6; 7; 8; 9; 10; 11; 12. Thus, we say that 0; 2; 4; 3; 1; 6; 5 is a `3-sequential labelling' of
C7. Vanderkam investigated for which ordered pairs (n; k) there exists a k-sequential
labelling of Cn. Since a k-sequential labelling of Cn is also an (mn  k)-sequential
labelling of Cn for all m>1, we need only consider the case 0<k6n=2, though it will
be useful in many cases to utilize k-sequential labellings for which k >n. Vanderkam
made the following conjecture under the hypothesis 0<k<n:
Conjecture 1. The graph Cn has a k-sequential labelling if and only if n and k are not
both even.
In [3] the conjecture is proved for several types of ordered pairs (n; k).
 If n and k are even, then Cn has no k-sequential labelling.
 If n is even and k is odd, then Cn has a k-sequential labelling.
 If gcd(n; k) = 1, then Cn has a k-sequential labelling.
 If n and k are odd and n>3k − 2, then Cn has a k-sequential labelling.
 If n is odd and gcd(n; k  1)> 1, then Cn has a k-sequential labelling.
Hence in this paper we concentrate on the case where n is odd and gcd(n; k)> 1.
The main goal of this paper is to show that a k-sequential labelling of Cmn can be
constructed from a k-sequential labelling of Cn if m is odd and n 6= 1.
The proofs in this paper follow the notation in [3]. The variable n always refers to
cycle length, and k refers to the number of adjacent vertices in the paths which are
to be summed. In all proofs in this paper, indices should be interpreted cyclically, so
that for a labelling of Cn, an+1 = a1, and in general, ai = aj for every i  j (mod n).
It is easy to see (see Theorem 1 of [3]) that the n sums in a k-sequential labelling of
Cn will take on the values 12 (n− 1)(k − 1); : : : ; 12 (n− 1)(k + 1) in some order. In this
paper, p will always represent an odd prime.
2. Preliminaries
The construction given by Vanderkam for k-sequential labellings of Cn when n and
k are relatively prime plays an important role in the proofs in this paper. We give this
construction below.
Theorem 1 (Vanderkam [3]). If gcd(n; k) = 1; then Cn has a k-sequential labelling.
Proof. Let m<n be such that mk  1 (mod n). We assign a1 = 0, and let ai =
ai−1 + m (mod n). By the way m is dened, this means that ai+k − ai = 1, unless
i+ k = n+1, in which case ai+k − ai=1− n. Letting bi= ai+   + ai+k−1, this means
that bi+1 − bi = ai+k − ai = 1 unless i = n+ 1− k. Thus, the bi's form a sequence of
consecutive integers, as desired.
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We will refer to this labelling of Cn as the regular k-sequential labelling of Cn.
It is an arithmetic progression modulo n with common dierence k−1 (modulo n)
and rst term 0. Note that the values of the bi's are b1 = 12 (n + 1)(k − 1); : : : ;
bn+1−k = 12(n − 1)(k + 1); bn+2−k = 12(n − 1)(k − 1); : : : ; bn = 12(n + 1)(k − 1) − 1.
Inserting k = 2 into these expressions, we arrive at the following corollary.
Corollary 2. If a1; : : : ; an is the regular 2-sequential labelling of Cn; where n is odd;
then ai + ai−1 = (n− 1)=2 + i − 1 for all 16i6n.
Denition 2. A weak k-sequential labelling of the cycle Cn is a labelling of its vertices
with integers such that the n sums of k adjacent labels form a set of consecutive
integers.
We will need the following lemma.
Lemma 3. Let d1; : : : ; dn be the regular k-sequential labelling of Cn and let f1; : : : ; fn
be the regular (k + 1)-sequential labelling of Cn. Then the labelling dened by
ai = fi − di+1 is both weakly k-sequential and weakly (k + 1)-sequential. Moreover,
fi − di = an−(k+1)+i ; so that the labelling dened by hi = fi − di is both weakly
k-sequential and weakly (k + 1)-sequential.
Proof. Let bi = ai +    + ai+k−1 and let ci = ai +    + ai+k for all i. Similarly let
ei = di +   + di+k−1 and let gi = fi +   + fi+k . Note that, using the values of the
bi's given above, we have gi − ei+1 = 12 (n+ 1)(k − (k − 1))− 1 = (n− 1)=2. We must
show that the bi's and the ci's are each sets of consecutive integers. Now
bi = (fi +   + fi+k−1)− (di+1 +   + di+k)
= gi − fi+k − ei+1 = n− 12 − fi+k :
Also,
ci = (fi +   + fi+k)− (di+1 +   + di+k+1)
= gi − ei+1 − di+k+1 = n− 12 − di+k+1:
Thus since the fi's and di's are both sets of consecutive integers, the bi's and ci's are
as well.
For the second assertion, we must show that fn−(k+1)+i − dn−k+i =fi − di for all i.
This is equivalent to demonstrating that fn−(k+1)+i − fi = dn−k+i − di for all i. But
each side of the last equality is equivalent to −1mod n, since a regular k-sequential
labelling is an arithmetic progression modulo n with common dierence k−1 (mod-
ulo n). Therefore, the quantities on either side of the equality are equal to −1, un-
less i = 1, in which case fi and di are both 0 so both sides of the equality equal
n− 1.
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Example 1. Consider the case n= 11; k = 4.
 The regular 5-sequential labelling of C11 is 0; 9; 7; 5; 3; 1; 10; 8; 6; 4; 2.
 The regular 4-sequential labelling of C11 is 0; 3; 6; 9; 1; 4; 7; 10; 2; 5; 8.
 The result after subtraction (the hi's) is 0; 6; 1;−4; 2;−3; 3;−2; 4;−1;−6.
 The result after subtraction of shifted labels (ai's) is −3; 3;−2; 4;−1;−6; 0; 6; 1;−4; 2.
These induced labellings are indeed both weakly 4-sequential and weakly 5-sequential.
3. Main result
In this section we prove our main result. The proof of the following proposition will
demonstrate the general method and provide the framework for the more complicated
proofs which follow.
Proposition 4. If both Cm and Cn have k-sequential labellings and gcd(m; n)=1; then
Cmn has a k-sequential labelling.
Proof. Let c1; : : : ; cn be a k-sequential labelling of Cn, and let e1; : : : ; em be a k-sequential
labelling of Cm. We dene a labelling a1; : : : ; amn by the rule arn+i = ern+i n + ci, for
16i6n and 06r6m− 1.
First, since 06ci6n− 1 and 06ern+i6m− 1, we know that 06arn+i6mn− 1. We
claim that arn+i 6= ar′n+i′ unless i = i0 and r = r0. Suppose instead that arn+i = ar′n+i′ .
Since arn+i  ci (mod n), i = i0. Thus ern+i = er′n+i, so rn + i  rn0 + i (modm). But
then (r − r0)n  0 (modm), and since m and n are relatively prime, r = r0. Hence, the
a's are the integers from 0 to mn− 1 in some order.
Dene brn+i = arn+i +   + arn+i+k−1. Then by the denition of the ai's we see that
brn+i=(ern+i+   + ern+i+k−1)n+ ci+   + ci+k−1. Since the sum of the ci terms takes
on n consecutive values as i ranges over f1; : : : ; ng, we need to show that for every
xed i, the term involving the ern+i's takes on m consecutive values as r ranges over
f0; : : : ; m− 1g. Now again since gcd(m; n) = 1, for any xed i, we have ern+i 6= er′n+i
if r 6= r0. Hence, as r ranges over f0; : : : ; m− 1g, the term involving the ern+i's takes
on the m consecutive sums attained by the k-sequential labelling of Cm. Since the bi's
and ai's each take on n consecutive values as i ranges over f1; : : : ; ng, the ai's are a
k-sequential labelling of Cmn.
The next three propositions give us the tools necessary to prove the main theorem.
In each proposition, a k-sequential labelling of Cpn is constructed from a k-sequential
labelling of Cn, where p is an odd prime dividing k. The construction involved in the
proof of the following proposition is similar to that of Proposition 4.
Proposition 5. If k is a multiple of p; n is not a multiple of p; n<k < (p−1)n; and
Cn has a k-sequential labelling; then Cpn has a k-sequential labelling.
Proof. Let k = mn + q, where 16q6n − 1. Let s<p be such that sn  1 (modp).
Let the labelling of Cn be c1; : : : ; cn. We dene a sequence a1; : : : ; apn by the rule
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arn+i = xrn+in+ ci, for 16i6n and 06r6p− 1, where the xrn+i's are assigned in the
following manner:
 for 16i6n−1, xrn+i=drn+i, where d1; : : : ; dp is the regular mn-sequential labelling
of Cp.
 for i = n, xrn+i = er−s+2, where e1; : : : ; ep is the regular (m+ 1)-sequential labelling
of Cp, i.e. xsn; : : : ; x(p+s−1)n is the regular (m+ 1)-sequential labelling of Cp.
The proof that the ai's are the integers from 0 to pn− 1 is identical to the rst part
of the proof of Proposition 4.
For the second part of the proof again dene brn+i = arn+i +   + arn+i+k−1. By the
denition of the ai's we see that brn+i = (xrn+i +   + xrn+i+k−1)n+ ci +   + ci+k−1.
Since the sum of the ci terms takes on n consecutive values as i ranges over f1; : : : ; ng,
we need to show that for every xed i, the term involving the xrn+i's takes on the
same set of p consecutive values as r ranges over f0; : : : ; p− 1g.
First, suppose that the xrn+n's were dened in a similar way as for other i's, i.e.
x0rn+n = drn+n. If this were the case then all of the sums of x
0
rn+i terms (for any xed
i, as r ranges from 0 to p − 1) would equal (p − 1)=2k, because all p sums will
contain k/p copies of the mn-sequential labelling of Cp, the elements of which sum to
p(p− 1)=2. In addition, if the xrn+i's were dened in this way, then x0sn; : : : ; x0(p+s−1)n
would be the regular m-sequential labelling of Cp, because sn  1 (modp) (and hence
x0sn = 0) and x
0
(r+1)n+n − x0rn+n  (mn)−1n= m−1 (modp), for all r.
We consider two cases based on the value of i, and in each case we show that the
xrn+i term does indeed take on p consecutive values as r ranges over its allowed values.
If 16i6n − q, then our p sums of x terms will each contain exactly m terms of
the form xrn+n. Thus, the p sums will be of the form ((p − 1)=2)k + (xrn+n +    +
x(r+m−1)n+n) − (x0rn+n +    + x0(r+m−1)n+n), which, by Lemma 3, take on the desired
values. On the other hand, if n − q + 16i6n, then our p sums of x terms will
each contain exactly m+ 1 terms of the form xrn+n. Thus, the p sums will be of the
form ((p − 1)=2)k + (xrn+n +    + x(r+m)n+n) − (x0rn+n +    + x0(r+m)n+n), which, by
Lemma 3, take on the desired values.
Proposition 6. If k and n are multiples of p; n<k < (p−1)n; and Cn has a k-sequential
labelling; then Cpn has a k-sequential labelling.
Proof. Let k = mn+ q, where p6q6n− p.
Let c1; : : : ; cn be a k-sequential labelling of Cn. We dene a sequence a1; : : : ; apn by
the rule arn+i = xrn+in+ ci, for 16i6n and 06r6p− 1.
The xrn+i's are assigned in the following manner:
 for i6n − 1, let xrn+i = dr+1−i(m+1), where d1; : : : ; dp is the regular m-sequential
labelling of Cp.
 for i = n, xrn+i = er+1, where e1; : : : ; ep is the regular (m + 1)-sequential labelling
of Cp.
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The proof that the ai's are the integers from 0 to pn− 1 is identical to the rst part
of the proof of Proposition 4.
Once again we dene brn+i=arn+i+   +arn+i+k−1. By the way the ai's are dened
we see that brn+i=(xrn+i+   + xrn+i+k−1)n+ ci+   + ci+k−1. Since the ci terms take
on n consecutive values as i ranges over f1; : : : ; ng, we need to show that for every
xed i, the term involving the xrn+i's takes on the same set of p consecutive values
as r ranges over f0; : : : ; p− 1g.
First we consider the case i = 1.
Let s1r = xrn−p+1 +    + xrn for all r. Hence s1r = dr−(m+1) + dr−2(m+1) +   
+ dr−(p−1)(m+1) + er . Now since
dr−(m+1) +   + dr−p(m+1) = d1 +   + dp = p(p− 1)2 ;
we have
s1r =
p(p− 1)
2
+ er − dr−p(m+1) = p(p− 1)2 + er − dr:
Thus, by the second part of Lemma 3, we have
s1r =
p(p− 1)
2
+ ep−(m+1)+r − dp−(m+1)+r+1:
Now, for 26i6p dene sir inductively by s
i
r = s
i−1
r + xrn+(i−1) − xrn−p+(i−1). We will
show by induction on i that sir = s
1
r−(i−1)(m+1) for 16i6p and all r.
This is clearly true for i=1. Assume this is true for i= j, i.e. sjr = s1r−( j−1)(m+1) for
all r. Then,
sj+1r = s
j
r + xrn+j − xrn−p+j
= s1r−( j−1)(m+1) + dr+1−j(m+1) − dr−(n−p+j)(m+1)
=
p(p− 1)
2
+ er−j(m+1) − dr+1−j(m+1) + dr+1−j(m+1) − dr−j(m+1)
=
p(p− 1)
2
+ er−j(m+1) − dr−j(m+1) = s1r−j(m+1)
as desired. Thus, sir = s
1
r−(i−1)(m+1) for all 16i6p and all r.
Now by the rst part of Lemma 3, s11; : : : ; s
1
p is both m-sequential and
(m+1)-sequential, and thus so is si1; : : : ; s
i
p, for all 16i6p. Now for any 16i6n− q
the term involving the xrn+i's is equal to ((k=p)−m)(d1 +   +dp)+ sir+   + sir+m−1,
and for any n − q + 16i6n the term involving the xrn+i's is equal to ((k=p) −
(m+1))(d1 +   +dp)+ sir+   + sir+m. We deduce that for all i the xrn+i term indeed
takes on the desired values as r ranges over f0; : : : ; p− 1g.
In the proof of the following proposition, ei will always indicate the ith term of the
regular 2-sequential labelling of Cp (Again, p is an odd prime). The idea of the proof
is similar to the two previous proofs, but this time we will group the x's in sets of
three with constant sum, and then alter the `edges' in a suitable way.
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Proposition 7. If k is a multiple of p; k <n; and Cn has a k-sequential labelling;
then Cpn has a k-sequential labelling.
Proof. The proof consists of 3 cases, each with 3 subcases, corresponding to the
possible residues of k and n modulo 3.
Let n= mk + q, where 16q6k and m>1.
Let c1; : : : ; cn be a labelling of Cn. We dene a sequence a1; : : : ; apn by the rule
arn+i=xrn+in+ci, for 16i6n and 06r6p−1, where the xrn+i's are assigned in each
case so as to satisfy conditions which depend on the residues of k and n modulo 3 as
follows below.
As before, in each case the rst two conditions on the xrn+i's guarantee that the
arn+i's are the integers from 0 to pn− 1.
Dene the brn+i's as in the previous propositions. We again need to show that for
every xed i, the term involving the x's takes on p consecutive values as r ranges
over f0; : : : ; p− 1g.
For each case we consider several cases based on the value of i, and in each case
we will show that the xrn+i term takes on each of the values from (1=2) (p−1)(k−1)
to (1=2) (p− 1)(k + 1).
Case 1: k  1 (mod 3). Say k = 3k0 + 1.
Subcase 1a: n  0 (mod 3). Assign the x's such that
xrn+i =
8>><
>>:
p− 1− r if i  0 (mod 3);
er+1 if i  1 (mod 3);
er if i  2 (mod 3):
Subcase 1b: n  1 (mod 3). Assign the x's such that
xrn+i =
8>><
>>:
p− 1− r if i  0 (mod 3);
er if i  1 (mod 3);
er+1 if i  2 (mod 3):
Subcase 1c: n  2 (mod 3). Assign the x's such that
xrn+i =
8>><
>>:
er+1 if i  0 (mod 3);
p− 1− r if i  1 (mod 3);
er if i  2 (mod 3):
The xrn+i's then satisfy the following conditions:
 06xrn+i6p− 1,
 xrn+i 6= xr′n+i for r 6= r0,
 xrn+i + xrn+i+1 + xrn+i+2 = 32 (p− 1) for i6n− 2 and all r (by Corollary 2),
 xrn+n−1 + xrn+n + xrn+n+1 + xrn+n+2 takes on each of the values from (3=2) (p − 1)
to (5=2) (p− 1) in some order as r ranges from 0 to p− 1 (xpn+1 being interpreted
as x1).
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For 16i6n−k+1 we have xrn+i+   +xrn+i+k−1 =(3=2) (p−1)k0 +xrn+i+k−1, which
takes on the desired values.
For n−k+26i6n and i  n−1 (mod 3), we have xrn+i+  +xrn+i+k−1=(3=2) (p−1)
(k0 − 1) + xrn+n−1 + xrn+n + xrn+n+1 + xrn+n+2, which takes on the desired values.
For n−k+26i6n and i  n+1 (mod 3), we have xrn+i+  +xrn+i+k−1=(3=2) (p−1)
k0 + xrn+i+k−1 , which takes on the desired values.
For n−k+26i6n and i  n (mod 3), we have xrn+i+   +xrn+i+k−1=(3=2) (p−1)
k0 + xrn+i , which takes on the desired values.
Case 2: k  2 (mod 3). Say k = 3k0 + 2.
Subcase 2a: n  0 (mod 3). Assign the x's such that
xrn+i =
8>><
>>:
er+1 if i  0 (mod 3);
p− 1− r if i  1 (mod 3);
er if i  2 (mod 3):
Subcase 2b: n  1 (mod 3). Assign the x's such that
xrn+i =
8>><
>>:
p− 1− r if i  0 (mod 3);
er+1 if i  1 (mod 3);
er if i  2 (mod 3):
Subcase 2c: n  2 (mod 3). Assign the x's such that
xrn+i =
8>><
>>:
er if i  0 (mod 3);
p− 1− r if i  1 (mod 3);
er+1 if i  2 (mod 3);
The xrn+i's then satisfy the following conditions:
 06xrn+i6p− 1,
 xrn+i 6= xr′n+i for r 6= r0,
 xrn+i + xrn+i+1 + xrn+i+2 = (3=2) (p− 1) for i6n− 2 and all r,
 xrn+n + xrn+n+1 takes on each of the values from (1=2) (p − 1) to (3=2) (p − 1) in
some order as r ranges from 0 to p− 1.
For 16i6n−k+1 we have xrn+i+  +xrn+i+k−1= 32 (p−1)k0+xrn+i+k−2+xrn+i+k−1=
3
2 (p−1)(k0+1)−xrn+i+k−3, which takes on the desired values. For n−k+26i6n and
i  n (mod 3), we have xrn+i+   +xrn+i+k−1 =(3=2) (p−1)k0 +xrn+n+xrn+n+1, which
takes on the desired values. For n−k+26i6n and i  n+1 (mod 3), we have xrn+i+
  +xrn+i+k−1=(3=2) (p−1)k0+xrn+i+k−2+xrn+i+k−1=(3=2) (p−1)(k0+1)−xrn+i+k−3,
which takes on the desired values. For n− k+26i6n and i  n−1 (mod 3), we have
xrn+i+   +xrn+i+k−1=(3=2) (p−1)k0+xrn+i+xrn+i+1=(3=2) (p−1)(k0+1)−xrn+i−1,
which takes on the desired values.
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Case 3: k  0 (mod 3). Say k = 3k0.
Subcase 3a: n  0 (mod 3). Assign the xrn+i's such that
xrn+i =
8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:
er+1 if i  0 (mod 3) and 16i6mk but k - i;
er if i  1 (mod 3) and 16i6mk;
p− 1− r if i  2 (mod 3) and 16i6mk;
r if kji and 16i6mk;
er if i  0 (mod 3) and mk + 16i6n− 1;
p− 1− r if i  1 (mod 3) and mk + 16i6n− 1;
er+1 if i  2 (mod 3) and mk + 16i6n− 1;
p− 1− er+1 if i = n:
Subcase 3b: n  1 (mod 3). Assign the xrn+i's such that
xrn+i =
8>>>>>>><
>>>>>>>:
er if i  0 (mod 3) and k - i ;
er+1 if i  1 (mod 3) and i 6= n;
p− 1− r if i  2 (mod 3);
r if kji;
p− 1− er+2 if i = n:
Subcase 3c: n  2 (mod 3). Assign the xrn+i's such that
xrn+i =
8>>>>>>>>>><
>>>>>>>>>>:
p− 1− r if i  0 (mod 3) and k - i;
er if i  1 (mod 3) and 16i6mk;
er+1 if i  2 (mod 3) and 16i6mk;
er+1 if i  1 (mod 3) and mk + 16i6n− 1;
er if i  2 (mod 3) and mk + 16i6n− 1;
p− 1− er+1 if i = n or kji:
The x's satisfy the following conditions:
 06xrn+i6p− 1,
 xrn+i 6= xr′n+i for r 6= r0,
 xrn+i+ xrn+i+1 + xrn+i+2 = 32 (p−1) for zk+16i6zk+ k−3, for every 06z6m−1
and all r.
 xrn+i + xrn+i+1 + xrn+i+2 = 32 (p− 1) for mk + 16i6n− 3 and all r.
 xrn+i+ xrn+i+1 + xrn+i+2 takes on each of the values from p− 1 to 2(p− 1) in some
order as r ranges from 0 to p − 1, for zk + k − 26i6zk, for every 06z6m − 1
and all r.
 xrn+i+ xrn+i+1 + xrn+i+2 takes on each of the values from p− 1 to 2(p− 1) in some
order as r ranges from 0 to p− 1, for n− 26i6n and all r.
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 xrn+i + xrn+i+1 + xrn+i+2 + xrn+i′ + xrn+i′+1 + xrn+i′+2 takes on each of the values
from (5=2) (p− 1) to (7=2) (p− 1), for all r, for mk− 26i6mk, n− 26i06n, and
i  i0 (mod 3).
In the following statements, we will not consider the cases q = 1; 2. The reader may
verify that the above conditions on the x's force the sum of the x terms to take on the
desired values for the cases q= 1; 2.
For 16i6(m − 1)k + q there is a unique integer j such that i6j6i + k − 3,
j6tk6j + 2, and j  i (mod 3). For this j we have xrn+i +    + xrn+i+k−1 =
(3=2) (p− 1)(k0 − 1) + xrn+j + xrn+j+1 + xrn+j+2, which takes on the desired values.
For (m−1)k+q+16i6mk we have xrn+i+  +xrn+i+k−1= 32 (p−1)(k0−2)+xrn+j+
xrn+j+1 + xrn+j+2 + xrn+j′ + xrn+j′+1 + xrn+j′+2, where j  i (mod 3) and mk−26j6mk,
and n− 26j06n and j0  i (mod 3), which takes on the desired values.
For mk+16i6n we have xrn+i+   +xrn+i+k−1= 32 (p−1)(k0−1)+xrn+j+xrn+j+1+
xrn+j+2, where n− 26j6n and j  i (mod 3), which takes on the desired values.
Corollary 8. If n 6= 1; m is odd; and every prime which divides m also divides k; and
if Cn has a k-sequential labelling; then so does Cmn.
Proof. By Propositions 5, 6, and 7 we know that if Cn has a k-sequential labelling
then so does Cpn for all p which divide k. Indeed, let q be the residue of k modulo
pn. If q<n use Proposition 7 with k = q; if n<q< (p− 1)n use Proposition 5 or 6
with k = q; and if (p− 1)n<q<pn use Proposition 7 with k = pn− q. Then since
every prime which divides m also divides k, we deduce that Cmn has a k-sequential
labelling.
We are now ready to prove our main result.
Theorem 9. If m is odd; n 6= 1; and Cn has a k-sequential labelling then Cmn has a
k-sequential labelling.
Proof. First, we may assume that mn is odd, since if n is even then k must be odd and
Cmn must have a k-sequential labelling, by Vanderkam's results. Let j be the largest
integer which divides mn and satises gcd(j; k)=1. If j=1, then every prime dividing
mn (and thus every prime dividing m) also divides k. Hence by Corollary 8, there
exists a k-sequential labelling of Cmn. On the other hand, if j> 1, then we know Cj
has a k-sequential labelling; moreover, every prime dividing the odd integer mn=j also
divides k, so that by Corollary 8, there exists a k-sequential labelling of Cmn, and the
proof is complete.
4. Conclusion
As an immediate consequence of the proof of Theorem 9, we have the following
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Remark 1. The only pairs (n; k) for which Vanderkam's conjecture is not yet proved
are those such that for every factor m> 1 of n, Cm does not have a k-sequential
labelling.
Corollary 10. In order to prove Vanderkam's conjecture; it is sucient to prove the
conjecture for (n; k) of the form (pr+1; prx) where p> 3; 26x6(p−1)=2; and r>1.
Proof. Suppose we have proved the conjecture for pairs of this form. We know that
the conjecture holds for pairs (pr+1; pr), since in such case n> 3k − 2, and this is
covered in the introduction. In addition, if the conjecture holds for pairs of the form
(pr+1; prx) with 16x6(p− 1)=2, then it holds for such pairs with 16x6p− 1. For
p = 3 this is enough. Now suppose we have a pair (n; k) for which the conjecture
is not yet proved. If k =
Q
i p
ri
i then n =
Q
i p
si
i since we could obtain a k-sequential
labelling of Cn from a k-sequential labelling of Cp if pjn but p-k. If si > ri for any i
then we could obtain a k-sequential labelling of Cn from the k-sequential labelling of
Cpri+1i
which we know exists by hypothesis. But if si6ri for all i then k is a multiple
of n and thus there does not exist a k-sequential labelling of Cn.
Corollary 11. In order to prove Vanderkam's conjecture; there remains; for any given
k; to check at most one n>k.
Proof. Given k =
Q
i p
ri
i , we know from Corollary 10 that we need only prove the
conjecture for n of the form pri+1i . Suppose that there exist integers n1 =p
r1
1 ; n2 =p
r2
2
such that n1>k; n2>k. Assuming without loss of generality that p1<p2, we have
pr1+11 >
Q
i p
ri
i which means p1>
Q
i 6=1 p
ri
i >p2>p1, a contradiction. Thus in order
to prove the conjecture we need only prove it for at most one n>k.
The smallest such pair remaining to be checked is then n = 25; k = 10: How-
ever, 9; 15; 7; 17; 0; 19; 5; 22; 2; 20; 4; 18; 12; 6; 23; 1; 16; 8; 14; 10; 24; 11; 13; 3; 21 is a 10-
sequential labelling of C25. Note the pairing up of many pairs of numbers which sum
to 24. The author has also found a 14-sequential labelling of C49 (the next-smallest
case) using this strategy.
In view of the above results, the two smallest remaining cases (in both k and
n) are the pairs (49; 21) and (121; 22). A possible method for solving these cases
may be some variation of the pairing technique used in the labelling of C25 given
above.
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